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Wavelength scaling of spiral patterns formed by granular media underneath a rotating fluid
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A spiral pattern formed by granular media underneath a rotating fluid is discussed. Results from a cellular-
automaton model are compared to experimental data, and are found to reproduce experimentally observed
scalings. A theoretical argument predicting these scalings on the basis of the existence of a critical threshold
condition is advanced. It is suggested that the pattern is probably not associated with a hitherto unknown flow
instability, as has been speculated previously. It appears that the pattern constitutes some rotating analog to
sand ripples in nonrotating systems.

PACS numbses): 47.54:+r, 45.70.Qj, 47.55.Kf, 92.10.Wa

. INTRODUCTION 10-20 sec after the spin-up of the tank. Patterns with be-
tween /<=n=110 spiral arms were observed—refer to Ref.
A spiral pattern established in a granular layer underneatfi] for further photographs. The analysis of our experimental
a rotating fluid is discussed. We first reported about the exeata in Ref[1] revealed that
perimental observation of this pattern in REf], but were 05
not able to present a conclusive explanation for the mecha- noc W~ 1)
nism involved in the pattern formation. We did, however, Aw ’

speculate about a number of different possible such mecha- ) . .
nisms. Here we will, for the first time, compare our experi- Each of the spiral arms originates from an inner granule

mental results to computational data. It will be found that aPatch with a radius,. This inner patch appeared to remain
simple cellular-automaton model is sufficient to reproduce®SSentially unaffected by the ongoing granule reorganization

the characteristic scalings measured in the experiments. RrOcess. The radius of the inner patch was found to scale as
will be shown that a simple intuitive theoretical argument
—0.34|!’(

r Aw
can be advanced which can explain the scalings found ex- O —

perimentally and computationally. It will be argued that this R
result lends strong support to one of our hypothesis in Refor 0.4<Aw/w,<3.5. In Eq. (2), w,=1.0rads?! is the

+0.49 2

We

[1] concerning the origin of the observed patterns. measured critical rotational speed required to generate a pat-
In Ref.[1] we discussed a spiral pattern developing on theern when the turntable is accelerated from res§=0).

R=44.75 Cm. The eXperimental setup is illustrated in Flg 1. to set a granu|e in motion is constant everywhere on the
The bottom of the tank is initially covered with a thin layer granular layer on the bottom of the tank as long as centrifu-
(approximately 2—3 mm degpf uniformly distributed gran- g5 forces can be neglected. Hence the radiusf the inner
ules. The fluid above the granule layer is in a state of 50|idpatch always corresponds to that location where the shear
body rotation and, hence, does not move relative to the grafjyrce exerted on the grains is equalRp. If one character-
ules. Spiral patterns were observed to form when the;zespk in terms of some mean valug, of the azimuthal

rotational velocity of the tank is instantaneously increasegjow velocity above the edge of the granule patch, then one
from one constant rotation rate, to a higher rotation rate eypects

w1. The fluid mass in the tank cannot follow the instanta-
neous acceleration of the tank. This results in shear forces vk=CconstKAwryg. ()]
being established between the granule layer and the quig|encer w1/A - .
. : B ) 7 0 w, as was argued and verified experimentally
above it. If the incremem w = w, — wq is sufficiently large, in Ref. [1], where it was found that
such that the shear forces are high enough, then the granules’ "~ ="
are set in motion and begin to slide across the bottom of the ro Aw) 105
tank. As a result of this, a reorganization process is initiated R 20-5(w—> (4)
which leads to the formation of spiral patterns such as the ¢
one displayed in Fig. 2. Figure 2 shows the spiral patterrfor 1.0<Aw/w.<3.5; i.e., when the data with lowest values
viewed from vertically above the tank. One can see spiral®f Aw/w. are neglected.
which were formed by the agglomeration of sm@iameter In the remainder we will computationally generate ripple
around 0.3 mmwhite granules against the black backgroundpatterns which will be found to display thew scalings ex-
of the tank. The patterns are fully established, typically,pressed by Eqq1) and (4). Facilitated by a comparison of
the experimental and computational results, we will be en-
abled to arrive at certain conclusions concerning the origin
* Author to whom correspondence should be addressed. Electron&nd the physical mechanisms underlying the spiral-pattern
address: pjt@eng.warwick.ac.uk formation first described in Refl]. The discussion will, in
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FIG. 1. Sketch of the experimental setup.
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particular, suggest that the spiral patterns are not a visualiza-
Fion of, or associ_ated with, a hitherto unknown flow instabil- g 2. Spiral-ripple pattern observed in an experiment with
ity associated with the boundary layer on the bottom of they ,=0.grad s andw,=3.1 rad s *; the turntable rotates counter-
tank, as has been suggested previously. On the basis of th@ckwise. The diameter of the pattern corresponds to the diameter
results discussed here it will emerge that the spiral patterngg.s cm of the fluid-filled circular tank.

appear to be some type of rotating analog of sand ripples

such as commonly observed in similar form in the desert oHowever, it will be seen that the assumption does not affect
on beaches. our main conclusions.

We assume a coordinate system, with coordinatesdy,
which is fixed in the rotating frame of reference and whose
origin coincides with the center of the rotating tank. The

The computational approach adopted to investigate theimulations are performed on a lattice with 20000 grid
observed ripple patterns represents, essentially, an adaptatipoints. The computational domain is initialized by random
of the type of cellular-automaton model described, for in-initial conditions according thi(x,y) =hy+ 8, whereh(x,y)
stance, by Kanekf®] or Nishimori and Ouchii3]. Nishimori  specifies the height of the sand surface atsjje and where
and Ouchi used such a model to simulate the formation ofhe random numbe# is very small compared to the constant
ripple patterns in an aeolian system of wind-blown sand in &. It is assumed that the azimuthal flow velocityr) on
straight channel. Here we will adapt and generalize thiseighboring concentric flow trajectories increases linearly
model to suit the circular flow geometry of our present ex-with the distance from the center of the tank, such that
periment. It is noted that the particular mapping functions
chosen in Ref[3] to model grain transport were originally v(r)=(w1—wy)r=Aor. (5)
devised with aeolian systems in mind. In such systems the
physical mechanisms involved in ripple formation are differ-  Saltation and creef3,4] are assumed to be the two
ent than in fluvial systemi4—7]. Nevertheless, it will be mechanisms responsible for grain transport. The two mecha-
found that the model of Nishimori and Ouchi is sufficient to nisms are modeled by moving grains around the lattice sites
reproduce the essential scalings observed in our fluvial sysxccording to some simple mapping functions. The mapping
tem. The discussion of this observation will reveal that it isproceeds from one iteration stego stepn+1 via an inter-
not, in fact, the details of the mapping functions employed tomediate ste’. The saltation step is carried out first, and the
simulate grain transport that are important, but rather theesult is stored as the intermediate stép Then the creep
existence of a critical threshold condition inherent in thestep is performed to yield the final result for time step
model. On the basis of this observation it will be possible ton+ 1.
formulate appropriate physical arguments readily yielding Saltation is described by moving a numbergo§ranules
the experimentally observed scalings. These physical argwver a certain saltation flight length(r) from one grid po-
ments and the conclusions drawn from them appear to shegition to another one. With regard to the circular flow geom-
some first light on the origin of the spiral patterns and onetry we interpret.(r) as an arc with radius= yX?+y?. The
some of the physical mechanisms involved in their forma<light lengthL(r) has, thus, components, andL, in both
tion. In this respect the present study constitutes, as far as wordinate directions. The values bf, and L, associated
are aware of, probably the first direct application of thewith L(r) can be determined from simple geometric consid-
model of Nishimori and Ouchi to a real physical system. erations. The flight length is modeled as

For our adaptation of the model described in R8&f, we
make the simplifying assumption that the fluid as well as the L(r)=Lgo(r)+b(r)[ha(x,y)—hg]. (6)
granules move in concentric circular trajectories around the
center of the tank. Hence only the azimuthal velocity com-In Eq. (6) Ly(r) is a control parameter assumed to represent
ponentv of the granules and the fluid is accounted for. Thethe shear stress imposed on the sand surface by the fluid
radial flow component, which exists in the physical systemmoving above it. The appropriately nondimensionalized
is neglected. This assumption does, of course, representcaantityb(r) is assumed to represent the mean flow velocity
severe simplification of the flow in and above the Ekmanexperienced by a grain during its saltation flight. The physi-
boundary layef8,9] over the loose granular bounddri0].  cal meaning of the ternih,(x,y)—hg] is that the flight

. COMPUTATIONAL APPROACH
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FIG. 3. Sketch illustrating the definition of nearest and second-
nearest-neighbor sites underlying the computations.

length of a grain will be the longer the higher its starting
point. With respect to the assumed linear radial increase of
the azimuthal flow velocity, defined by E@5), we scale
b(r) of Eq. (6) asb(r)=by(Awr/AwR), whereb, is a con-
stant. A similar assumption is made for the valuelLg(r)
which is taken ad ¢(r)=k(Awr/AwR)Aw, where,k is a
constant. Finally, the actual saltation step by which the
granules are moved is summarized by the expressions

(7a)

hn (X+Ly(hp),y+ Ly(hn)): hn(x+Ly(hp),y+ Ly(hn))+ qg.
(7b)

ha (X,Y) =hg(X,y) 0, (@)

Note that we have abbreviatég(x,y) ash, in Eq. (7b) for
simplicity.
The creep step is described as

1
Mo a(x,y)=h (x.Y)+D| g > hy(x.y)
NN

>

ndN

1
+ —

12, . ¥

o Mo (6Y) =2hn (x,y)

In Eqg. (8), the index notations NN andn@aNN indicate that

the summations extend over the nearest and the second near
est neighbors, respectively. Our definition of nearest and sec-
ond nearest neighbor sites is illustrated in Fig. 3, and differs
from the definition used in Ref3]. Note that the last term (b)
on the right hand side of Eq3) of Ref. [3] is, in fact,
incorrect as a factor 2 has been omitted. The term has to read FIG. 4. Computational ripple patterns for two different values of

correctly - - - —2hy,(x,y) as in the above E(8). We have 4, specified in arbitrary unitéa) Aw=5 and(b) Aw=11. For a
verified that mass is conserved throughout the computationgomparison with the experimental pattern of Fig. 2 the diameter of

As L(r)—0 forr—0, the grid structure will necessarily be- the computed patterns should be equated with the diani@®es
gin to affect the computations below some critical value.of cm) of the fluid-filled circular tank used in the experiment.

We have also observed some evidence of the square grid

structure being visible in a number of our computational patmental data. The values of the constants appearing in Egs.
terns for lowerr. By performing computations on computa- (6)—(8) areq=1, by=2,k=1, andD=1. This particular set
tional domains with different sizes, we have verified that ourof parameters was chosen as it resulted in well established,
main quantitative results are not influenced by the actuaglistinct patterns. Pattern formation is not observed for all
domain size. In the remainder it will further be seen thatpossible combinations of values of the parameters. This is
mass conservation, the exact grid structure, and details of tHgmilar to the observations discussed in R&. The gray
algorithms underlying our computations are not, in fact, criti-scale in Figs. @) and 4b) characterizes the height of gran-
cal factors affecting our main conclusions. ules at a particular lattice point. Light gray corresponds to
higher numbers of granules being stacked on top of each
other, whereas dark gray identifies lower values. The main
qualitative aspects to note from Figda#and 4b) are as
follows. The program produces a ripple pattern displaying a
decreasing number of arms for increasing. The arms

IIl. COMPARISON OF COMPUTATIONAL
AND EXPERIMENTAL DATA

Figures 4a) and 4b) show two different patterns obtained

from our computations for valueSw=5 andAw=11, re-
spectively. Note that for the computatioAs is specified in
arbitrary units and not in units of rad$ as for the experi-

originate from an inner patch whose radius decreases with
increasingA w. These results are consistent with the experi-
mental observations. The pattern does, of course, not reveal a
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FIG. 5. Comparison of the inner patch radius observed in the

) . . . FIG. 6. Comparison of the number of spiral arms observed in
experiments with the patch radius generated by the computations,

the experiment with the number of ripples generated by our com-

) ) putations.
spiral structure as our model neglects the centrifugal force,

the associated radial flow component and Coriolis effectsingicated in Fig. 5. The computations cannot, obviously,
We have carried out a number of preliminary test runs whichjie|qd a physically correct value for this constant. In the
incorporated a radial flow component, and these produced gnysical system the constant should depend on the particular
spiral pattern. It will, however, be found that the actual spiraltype of grains, on their size, and on the type of fluid used.
structure is irrelevant in the present context. These factors are not accounted for in the computations.
Figure 5 shows a quantitative comparison between com- Figure 6 displays a comparison between the number of
putational and experimental results for the diameter of theyyms observed in the patterns generated by the computations
inner granule patch. Itis estimated that the patch radjiR  and the number of spiral arms observed in the experiments.
can be determined with a maximum error of less thah04  The experimental data, originally contained in Réf,, scale
from figures such as Figs(& and 4b). When viewing Fig.  asnocAw 1% The number of arms of the computational
5, recall thatA w is expressed in arbitrary units for the com- patterns was counted in the immediate vicinity of the edge of
putations. the inner patch. Hence it does not take into account varia-
In Ref. [1], a best fit to the experimental data points ac-tions due to dislocations which appear occasionally at loca-
cording to Eq.(2) was obtained when a least squares fit istjons further radially outward from the edge of the patch. As
based on the entire data set displayed in Fig. 5. This fit igjiscussed in the context of Fig. 5, data points for low values
represented in Fig. 5 by the dotted line interpolating the eXuf A appear to be influenced by affects arising from the
perimental data points. However, it was argued above and ifinite computational domain. In order to account for this, Fig.
Ref. [1] that a power-law scaling according tog/R 6 shows three different least-squares fits of power-law type
«Aw™* should be expected under the conditions discussegh the computational data. These three alternative fits are
in connection with Egs(3) and(4). In Ref.[1] it was indeed  jntended to provide some means to evaluate the error asso-
verified that such a power-law fit is the best fit to the datagjated with the exponent of thew scaling. The dashed line
points in the interval 1.8 Aw/w.<3.5. The fit based solely represents a fit which takes account of all 12 data points
on the data pOintS |ylng within this data interval is given by shown and for WhicmOCAw_o'sl. The dotted line represents
Eq. (4), and it is represented in Fig. 5 by the solid line g fit for which the data points with the three lowest values of
through the experimental data points. A least-squares fit of o, were neglected, and for whichxAw~ %% The solid
power-law type through the computational data points of Figjine represents a fit for which the data points with the five
5 yields ro/RxAw %% This result is in close agreement |owest values ofAw were neglected, and for which
with the expected\w™* scaling. For the data fit, the com- «A 1%L |t can be concluded that the computational data

putational point with the lowest value dfw in Fig. 5 was  are in excellent agreement with the experimental results.
neglected. The computations indicate that swe ! scaling

breaks down for larger values of/R. It appears that this is

a consequence of the boundary conditions, associated with
the finite computational domain, increasingly affecting the The close agreement between the scalings observed in the
computations. Low values dfw are associated with a large experiment and in the computations prompted us to wonder
inner patch. The edge of the patch is, thus, close to the sysvhat aspect of the model might, in fact, be responsible for
tem boundary. Hence the pattern formation process at thihis result. Evidently, the simple mapping functions em-
edge of the patch will be affected by inhomogeneities arisingloyed to simulate grain motion cannot capture the details of
from the creep step of Ed8) in association with the finite the complicated physics of the small-scale grain dynamics on
computational domain. If the computational data point withthe bottom of the tank. Hence it appeared unlikely that the
the lowest value oA w is included in the least-squares fit, agreement between experiment and computation was a con-
one findsry/RxAw %8 The experimental and computa- sequence of these particular functions. This observation led
tional data do, of course, differ by an arbitrary constant, aso the conclusion that the agreement was, in fact, a result of

IV. DISCUSSION AND CONCLUSION



5592 F. ZOUESHTIAGH AND P. J. THOMAS PRE 61

critical threshold conditions which are inherent in both thesuch is, thus, irrelevant for the scalings observed in the ex-
physical system and the computational model. On the basigeriments and expressed by E¢B. and(4). Consequently,
of this result it is then possible to formulate simple, intuitive the number of spiral arms should not depend on the rough-
physical arguments which readily yield the scalings observediess of the bottom of the tank, as was speculated in[Rgf.
in the experiment and the computations. These arguments aféne roughness restricts the motion of the grains and will, if
briefly summarized below. In this context it will become at all, only affect the spiraling angle of each spiral arm. In
apparent what exactly is meant by critical threshold condiRef. [1] we suggested different incompatible hypotheses
tions. concerning the possible origin of the spiral patterns. One
As discussed in Sec. |, it is reasonable to assume that fdrypothesis was that the spiral patterns are a visualization of a
one particular type of granules and one particular fluid, aitherto unknown flow instability of the boundary layer flow
certain constant critical forcg, is required to set a grain in on the bottom of the tank. The results obtained from our
motion. From Eqgs.(3) it is known that this impliesr,  adaptation of the model described in RES] together with
x1/Aw, as was verified experimentally by E4). However, our physical arguments show, however, that our experimen-
a constantF, also suggests that the established azimuthalal observations do not necessitate postulating such a new
pattern wavelengtir, at the edge of the inner patch should instability. On the basis of these results it is concluded that
be constant. Although the exact value)gfis, of course, not the spiral patterns are probably not a visualization of, or
known it is reasonable to assume that this wavelength will b@ssociated with, a new flow instability. It now appears that
the same no matter how large the patch radis. Thus a the spiral patterns represent some type of rotating analog
necessary condition at the edge of the patch is consequent$ymilar to such ripple patterns, as typically observed in sand
271 o=n\o. Replacing , in this expression by means of Eq. on the bottom of the ocean or in the desert.
(3) readily yields n=consX (2mv/NpAw). Hence n Although our results explain the scaling associated with
«1/Aw, as is observed in the experiments—see F. the number of spiral arms observed, it still appears surprising
Thus the close agreement between experiment and comput#at the arms indeed form outside the inner patchr fer .
tion appears to be a consequence of the existence of thes the photo of Fig. 2 reveals, there are large areas between
critical forceF, necessary to set a granule in motion. In theneighboring spiral arms which are entirely free of granules.
computations this critical force corresponds to the existenc®uring the pattern formation process the granules slide
of some critical value ot (r) required to induce a ripple across the bottom of the tank in these regions. One would
formation. The existence of this critical value has been veriexpect the dynamics in the granule-free regions to be differ-
fied theoretically as well as on the basis of computationafnt from those on top of a granular layer. Hence it is not
data in Ref.[3]. Theoretically it follows from the stability obvious why ripple patterns persist in the granule-free re-
analysis contained in Ref.3]; computationally it is ex- glons.
pressed by the phase diagram displayed in Fig. 3 of [R&f. We have so far not been able to find a similarly simple
Originally it was the comparison between the experimen{hysical argument to explain thel’? scaling expressed by
tal and the computational data which prompted us to realiz&qg. (1). However, with regard to our present results, it ap-
the discussed physical arguments yielding the required scapears that this scaling cannot be a result of the Coriolis
ings. In retrospect it appears, however, that the significancéorces acting on the moving grains. Through the critical
of the computational model in the context of this paper is, inforce F, the number of spiral arms is effectively selected
fact, to support just these physical arguments. Whatever, therior to the onset of the granule motion. The Coriolis force
main conclusions of our discussions are as follows. Thecannot, however, influence the dynamics until the granules
Aw™ ! pattern scaling first described in R¢L] can be un- move. Hence it appears reasonable to speculate thaijlfﬁe
derstood in terms of the circular flow geometry together withscaling possibly reflects some influence of the centrifugal
a critical threshold condition. The actual granule motion adorces on the value of, .
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